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ABSTRACT
Womenprostitution isbeingpracticedsincefromancienttimes.Povertyis

oneofthemajormotivatorforwomentobecomeprostitutes. Itisconsidered
asinfectiousdiseasetothesociety.Hereadeterministicmodelhasformulatedand
itexhibitstwoequilibriumpointsnamelyprostitutionfreeequilibriumpointand prostitution
presentequilibriumpointandalsoanalyzedtheirstability locally. The basic reproduction number Rghas
computed. Further, this deterministic modelhasextendedtostochasticdifferentialequation.  Finally

wecomparedboththedeterministicandstochasticmodelsusingnumericalsimulation.
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1 Introduction

Prostitution,sometimesreferredtoastheworld’soldestprofession,hasbeen practiced sinceprehistoric
era.Thetermprostitutioniscommonlyusedtorefertothetrade of sexualservicesformonetaryorin-
kindremuneration,andhencetoatypeof social interactionthatisbothsexualandeconomic

[4].Inessentialaspects,sextrafficking andprostitutionoverlap.Bothtargetedforcommercialsexualexploitationhavesome
criticaldemographictraits,includingpoverty,young,minoritystatusinthecountryof
exploitation,ahistoryofabuse,andlimitedfamilysupport.Bothpreyonvulnerablewomenandgirlsasaresultofwomen
andgirlsasaresultofpoverty,discrimination,andabuse,leavingthemtraumatized,unwell,andpoor.Bothsexualandmone
taryrewardsaregiventopredators, henceincreasingdemandandcriminalactivitiesthatassuresupply [10].

Ifamarriedcouplearebothimpoverished, hecansellhiswife’sbodyinthebazaar.
Thisdoesnotfunctionintheoppositedirection.Maledominancecreatesprostitution,

andinequalityexposesspecificgroupsofwomentosexualexploitation [8]-Womenin
thesextradearerapedandmurderedatthegreatestratesof anygroupof womenon theglobe
[6]. AssexualbehaviorisanimportantdeterminantintransmittingHIVand

sexuallytransmitteddiseases(STDs),sexworkers(SWs),transgenderandclientsare oftenlabeled

asa”highriskgroup”inthecontextofHIVandSTDs[7].

TheCOVID-19hasimpacted

onalltypeofpeoplegloballybysystemicpoverty. Duringthiscrisisthesexworkersalsofacedmanyhindrances.Preventionfro
mCOVID-19 andprotectionofsexworkershavediscussedin[13][3].Mostimportantly,sexworkers
needbetterskilltraining,opportunitiestoleadtheirlifepeacefullytoovercome poverty aswell asprostitution.

Consideringthisasareallife problemweconstructedamathematicalmodeltoreduce
thespreadofprostitutionduetopoverty. Thereareexistingmathematical modelson several
socialissuessuchas[2],[11].Also in [1] the authors discussed prostitution caused by poverty in
Nigeria.Inthisarticleweframedamathematical
modelwiththepopulationofpovertywomen,populationofprostitutesandrehabilitationwomenpopulation.

Thisarticlehasorganized a s follows: InSection2weconstructeda deterministic modeland analyzedits equilibrium
points inSection3.Thebasicreproductionnumberforthismodelhas found. Stability analysis has presented in
Section 4.FurtherthisODE modelhasextendedtostochasticdifferentialequation inSection5.
NumericalsimulationhasdoneintheSection6.FinallyweconcludedinSection7
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2. TheModel
WedevelopedthedeterministicmodelusingthecompartmentsPovertywomenpopulation P, Prostitutewomenpopulatio
n Ps,Rehabilitationwomenpopulation(R). Alsothetotalpopulationis T = P, + Pg +
R .Themodelhasframedbyconsideringthe followingassumptions. The
povertywomenpopulationhasrecruitedintheregionat
therateof A.Whenthesepovertywomenindividualsinteractwiththeprostitutesthen they

becomeprostitutestofulfilltheirfinancialrequirements. Thishasrepresented
asbilineartypeincidenceg P, Ps.Alsointheratecc; womenindividualsmoveto
rehabilitationtoeradicatetheirpoverty.Oncetheprostitutesrealizedtheirphysical
andmentalhealththeymovetorehabilitationtolead properlifewithoutprostitution. Ashumanlifeisambiguous
s 0 ithasconsidered as,atthereducedrate §women who

areinrehabilitationturntoprostitutionwhentheyinteractwithprostitutes. This
representsthetermd SR P; . Withtheseassumptionsweconstructedthefollowingmodel:

dPy

dar A—BPyPs —a Py — ubPy

dP

dts = BPyPs + 6 BPsR — ayPs — uPs — 1y Ps 1)
dR

E:alpy+azps+63P5R— ‘UR

The abovemodel(1) canalsoberewrittenas

by _ A — BP,Pc — kP

dt_ :BVS 11y

=% = BPyPs+ 6 BPR — kyPs )
dR

E:alpy+azps+6ﬁP5R—ﬂR

Wherek; = (aq + ), ky = (ap + p + pq).

Tablel:Tableof Parameters

Parameter  Description

A Recruitmentrate of populationofwomen

B Rateof interactionbetweenpoverty womenandprostitutes
al Rateof poverty womenmovefromP, toR

a2 Rateof prostitutesmovefromp, toR

& BPgRReducedrate progressionofRbacktoPs

] Naturaldeathrateofwomen

M1 Rateof deathduetosexuallytransmitteddisease

3. Existence ofequilibriump o i n t s &Basicreproductionnumber

Themodel(2)hasexhibitedtwo equilibriumpointsnamelyprostitutionfreeequilibrium
pointandprostitutionpresentequilibriumpoint.

3.1 Prostitution free equilibrium point
The prostitution free equilibrium point is €, = (P?,0,R%) whereP? = ki R® = %for the system (2).
1 1
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Figurel:Schematicdiagramofmodel (1)

3.2Basicreproduction number®R,
Next generation method [15] as adopted to find the basic reproduction number at prostitution free equilibrium
point&,. Here F;(t) be the primary women prostitute, V;" (t)be the inflow of transfer rate of individuals into the
compartment and V;” (t)be the outflow of the compartment with the index i. Using (2) we constructed a column
matricesF (t),V*(t)and,V~(¢t) as follows

0 A APy Ps + kPy
0 0(1PV+0(2P5 63P5R+HR

Also
[P, B R]T =F()—V(E)WhereV(t) =V (t) —V*(t)
The spectral radius of the matrix FV~tis R,has given below

_AB(1+8) _ AB(1+6)
Ro = kiky  (artm)(aztutun) ©)
Where F represents Jacobian matrix of F(t) evaluated at £yjand V represents Jacobian matrix of V(t) evaluated

at &,
3.3.ProstitutionPresentEquilibriumPoint

Theprostitutionpresentequilibriumpointforthe system (2) is
v _ AB(1+8)—k1ks

_ * * * * ko f—
&1 = (P, Pg,R")whereP; = s b5 = TaB and R* =
Aaz,[i’(1+5)2—A[ﬁ’k26(1+6)—a2k1k2(5+1)+k%(a1+k15)

Bukz(5+1)
4.StabilityAnalysis

The Jacobianmatrixforthesystem(2)isgivenby

—PsB —kq —PyB 0
J= Psﬁ6+Psﬁ Pvﬂ6+Pvﬁ_k2 0
—Psﬁé‘ + a, —Pvﬂ(s + a; —U

The local stability of these two equilibrium points have presented below
4.1 LocalStabilityofProstitutionFreeEquilibriumPoint
The stability of prostitution free equilibrium point £, has examined from the Jacobian matrix J at&,.
Then we have

Jo=| 0 PBS+PPB—k, O
a ~P)BS + a, —u
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AB(1+68)—k1ky

The above matrix has produced three eigen values —u, —k;and =k,(Ry — 1) < 0since

Ry < 1. Therefore all three eigen values are negative. This proves the prostitution free equilibrium point is
stable when R, < 1. Further, we have checked the local stability of prostitution present equilibrium point &;.

4.2 Localstability o f ProstitutionPresentEquilibriumPoint
The stability of prostitution free equilibrium point £; has examined from the Jacobian matrix J at&;.
Then we have

—PsB —ky —PyB 0
= PBS+Psp P;BS+P;f—k, O
—P{f8 + oy —PyBé + a, —u

Aﬁ(1+6)—JR(2)k%k%—4k1k§(R0—1)

The eigen values of the above matrix are - u , — and

2ky

Aﬁ(1+5)+JR§k%k§—4k1k§(R0—1)

= . Here the eigen values are either negative or have negative real part. Therefore
2

the prostitution present equilibrium point is locally asymptotically stable.

5 Stochasticmodel
Tostudythestochasticnatureofthedeterministicmodelweextendourdeterministic
modeltostochasticmodel[16],[5][12][14].Considerthecontinuousrandomvariable
X)) = (X100, X2(0),X3 (t))Tfor(PV (1), Ps(t),R(t) )Twhererenotesthetransposeof the matrix.

Let AX:X(HAt)fX(t):(AXl,AXg,AX3)Tbetherandomvector for the change in
randomvariablesduringtimeinterval At.All the possible changes
betweenstatesintheSDEmodelcanbedefinedbythetransitionmap[9]. Fromour
model(1),thereexist10possiblechangesbetweenstatesinasmall-
timeinterval At. StatechangesandtheirprobabilitiesareelucidatedinTable2.Forillustration,when
apovertywomaninteractwiththeprostitute. Then thestatechange AXisdenotedby(AX) = (—1,1,0)7 and its
probability is given by

PTOb{(AXl, AXZ, AX3) = (_1,1,0)|(X1 (t), X2 (t), X3 (t))} = P2 =

BX XAt + O(At) ForstatechangeAX ,Exp (AX)andVar (AX)areexpectationchangeandits

covariancematrixrespectivelywithneglectedtermshigherthanO (A X).Theexpectationchange
10

Exp(AX) = Z P,(AX),At

1
A= BX1X; — a1 Xy — pXy
BX1X; + 6BXoX3 — ap Xy — Xy — uXy
a1 X1+ o Xy — 66X, X3 — uXs
= f(X1(0), X2 (1), X3(£))At (®)
From the above calculation the expectation vector and the function f are of same form as in deterministic
system (1). Further we find the covariance matrix
Var(X) = Exp((AX)(AX)T — Exp(AX)Exp((AX)T) andExp(AX)Exp((AX)T) = F(X)(F(X)T), it can be
approximated with diffusion matrix Q times At by neglecting the term of (At)? such that Var(AX) =~
Exp(AX)Exp((AX)")

At (@)

10 Vit Vi Vi3
Exp(AX)Exp((AX)T) = Z P,((AX),(AX),") At = (V21 Vaz V23) At = Q.At

1 Va1 V3 V33
Where the above diffusion matrix is symmetric, positive definite and each component of this 3x3 diffusion
matrix are given by
Vit = A+ X1 X0+ aXo +uXy =P+ P+ P3+ P, Vip =V = =BX1 X, = =P, Vi3 = V31 = —ay Xy =
—P3,Voy = BX1X, + 6BX Xz + ax Xy +uXy + 11Xy = Py + P+ Ps + P, 4+ Py, Vo3 = V3 = —=0BX,X3 —
Xy = =Py — P, Va3 = o, X, + 08X, X3 + ay X, + uXs = Py + P, + Ps + Po. Further we used the method in
[16] and constructed a matrix M such that V = MMT, where M is 3x6 matrix
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JPFP VP P 0 0 0
v lm o JATR mim 0

0 0 —JPs —P+Ps o VP

Then, the Ito stochastic differential model has the following form:
d(X(®) = f(X1, X2, X3)dt + MdW (t)

With initial condition X(0) = (X;(0), X,(0), X3 (0))T and a Wiener process, W (t) = (W, (£), W (¢), Ws (t))T.
In view of the above facts, we construct the SDE model as follows: dP, = (A — P, Ps — a; P, — uPy)dt +

1IA+‘UPV dWl +ﬁﬁPVPS sz +1Ia1PV dW3

dPS:
(BPyPs + 6 BPsR — ay,Ps — pPs — i Pg)dt — /| BPyPs AW, + /8 BPsR + ayPs dW, + \/(u + py) P dWs

(6)
dR = (0:1PV + azp_g + 6ﬁP5‘R - ,LlR)dt - dalPV dW3 - ﬂ(sﬁpsR + azps dW4 - w/ﬂRdWG
Table2:Tableof Parameter

Possiblestatechange Probabilityofstatechange
(AX); = (1,0, 0)"Recruitmentrate of poverty women P, = AAt + 0(AY)
Population
(AX), = (~1,1,0)" Changewhenpoverty woman P, = X X, At + O(At)
becomeprostitutewoman
(AX); = (—1,0,1)" Changewhenpoverty woman P; = a1X{At + 0(At)
joinrehabilitationclass -

(AX), = P, = B6X, X3 At + 0(At)

(0,1, —1)" Changewhenwomaninrehabilitationclass
againjointoprostituteclass

(AX)s = (0,—1,1)TChangewhenprostitutewoman P; = a2X,At + 0(At)
joinrehabilitationclass

(AX)¢ = (—1,0,0)" Naturaldeathof P, = BX;At + 0(At)
povertywomenpopulation

(AX), = (0,—1,0)" Naturaldeathof P, = AX,At + 0(At)
prostitutewomenpopulation

(AX)g = Pg = B1 X, At + 0(At)

(0, —1,0)" Changeduetosexuallytransmitteddisease
ofprostitutes
(AX)4 = (0,0,—1)" Naturaldeathof Py = BX3At + 0(At)
womeninrehabilitationclass

(AX)10 = (0,0,0)" >
There is no change Py = (1 - Z Pz) At + 0(At)

1

6.Numerical Simulation
In this section, we have done numerical simulation for our deterministic model (1) forboth the equilibrium
points namely prostitution free equilibrium point and prostitutionpresent equilibrium point. For prostitution free
equilibrium point the parametric set:A = 100, 8 = 0.00001, @; = 0.002, u = 0.0143, pu; = 0.025,6 =
0.02,a, = 0.04 For the corresponding parametric values the R,= 0:67 (Figure 2) and the prostitution
freeequilibrium point is &, = (2915:45; 0; 4077:55). For prostitution present equilibriumpoint the
parametric  set: A =500,8 = 0.00002,a; = 0.02,u = 0.0143,, = 0.025,8 = 0.01,a, = 0.6 For  the
corresponding parametric values theR, = 2:96 (Figure 2) and the prostitution present equilibrium point is &; =
(4915:84; 3370:59; 20785:93). Further, we simulated our SDE model (6) by using Euler-Maruyama method for
the following set of parameters:A = 500, = 0.00002, a; = 0.02,u = 0.0143, 4, = 0.025,6 = 0.02,a, =
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0.06 We compare the mean of 100 runs of stochastic model simulation with the results of corresponding
deterministic model. And this fact is shown in Figures 4-6.

7.Conclusion

In this article a nonlinear mathematical model to study the dynamics of the spread of prostitution in the society
is formulated and analyzed. The threshold (basic reproduction number R;) is obtained which determines
whether prostitution will persist in the society or will die out. The existence and stability of different equilibria
are discussed. Finally, thedeterministic model is converted to stochastic model and the results ofstochastic
model are compared with corresponding deterministic model. It is observed that the level of rehabilitation
women population in stochastic simulation is slightly higher than the simulation result of corresponding
deterministic model. Additionally, it is found that increase in the parameters a; and a, decreases the poverty
women population and prostitute women population in both deterministic and stochastic simulation.

Stability of Prostitution Free Equilibrium Point
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