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ABSTRACT 

The aim of this study is to build an SEIR model for Corona Virus Diseases-2019(COVID-19) 

second wave pandemic in India. We discussed stability analysis of SEIR model with control 

strategy for global asymptotically stable (or) not. This method used to find the control strategy of 

government policy such as Indian government and other government organized bodies for high 

affected states. We analysis the equation using reproduction number from next generation matrix 

method. The Lyapunov technique to find the given system of equation is globally asymptotically 

stable (or) not from reproduction number. 

Keywords: 

Indian second wave COVID-19 pandemic, SEIR model, Stability Analysis, Reproduction 
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Introduction  

Already we know that, the history of Indian COVID-19 pandemic on first wave. Recently highly 

affected by the second wave, globally 148,472,884 as on date April 27, 2021. Similarly 

17,625,735 by Indian second wave pandemic as on dateApril 27, 2021. The first wave lies 

between from April 2020 to February 2021. Then the second wave lies between March 2021 and 

till date. Now highly affected people as rank wise such as Maharashtra, Kerala, Karnataka, Uttar 

Pradesh, Tamil Nadu. 

We obtain SEIR model for common second Indian pandemic for the study of equation analysis. 

In this regard, the equilibrium analysis, endemic equilibrium, Reproduction number and 
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Lyapunov technique by using 𝑅0 in terms of globally asymptotically stable (or) not. Based on 

this analytic problem is used to identify the cure rate and infected rate from the real life data. 

This paper is useful for researcher in Mathematical Biology and Covid-19 researcher also. The 

several authors have been prepared lot of papers in COVID-19 

Method 

A computational investigation is the SEIR mathematical modelling of COVID-19 

distribution.The model was built using the SEIR model [12], which included vaccination and 

isolation variables as model parameters.The basic reproduction number and global stability for 

COVID-19 spread were calculated using the generation matrix method [9].  

COVID-19 SEIR type formulation 

(S) -Suspected, (E) -Exposed, (I) - Infected, and (R)-Recovered  are the four compartments of  

SEIR model for COVID-19 spread.Infected members of a class have the ability to infect 

others.For the SEIR model, the following figure illustrates the compartmental model. 

 

Parameters and variables definition  

Variable/Parameter  Definition 

S 

E 

I 

R 

𝜇1 

𝛼 

𝛽 

𝜇2 

Population under suspicion 

People that have been exposed 

Community infected with the 

virus 

The population has recovered. 

Birth-to-death ratio in the 

population 

Changeover time from S to E 
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𝜑 

𝑤 

Changeover time from E to I 

COVID-19 population death rate 

Changeover time from I to R 

Suspected population vaccination 

Using the compartmental modelin Fig. 1, the rate of change in the number of people Suspected, 

Exposed, Infected, and Recovered over time in the SEIR statistical model of Covid- 19 spread 

can be interpreted as follows. 

 

𝑑𝑆

𝑑𝑡
= 𝜇1 −  𝛼𝐼 + 𝑤 𝑆                                                    (1) 

 

 
𝑑𝐸

𝑑𝑡
= 𝛼𝑆𝐼 −  𝛽 + 𝜇1 𝐸                                                 (2) 

 

  
𝑑𝐼

𝑑𝑡
= 𝛽𝐸 −  𝜇2 + 𝜑 + 𝜇1 𝐼                                          (3) 

 

𝑑𝑅

𝑑𝑡
= 𝜑𝐼 + 𝜔𝑆 − 𝜇𝑅                                                    (4) 

 

Analysis of the COVID-19 SEIR model 

 

 

Analysis of equilibrium 

 

Eqs. (1)–(4) was used to determine the equilibrium point for disease free and the equilibrium 

point for endemic using stability analysis .To determine the two equilibrium points, each 

equation in Eqs. (1) – (4) must be equal to zero, or, or 
𝑑𝑆

𝑑𝑡
= 0,   

𝑑𝐸

𝑑𝑡
= 0, 

𝑑𝐼

𝑑𝑡
= 0, 

𝑑𝑅

𝑑𝑡
= 0 

 

 

𝜇1 −  𝛼𝐼 + 𝑤 𝑆 = 0 
 

𝛼𝑆𝐼 −  𝛽 + 𝜇1 𝐸 = 0 
 

𝛽𝐸 −  𝜇2 + 𝜑 + 𝜇1 𝐼 = 0 
 

𝜑𝐼 + 𝜔𝑆 − 𝜇𝑅 = 0 
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Covid-19 is in a state of disease-free equilibrium. 

 

When there is no distribution of COVID-19, the equilibrium point for disease-free conditions is 

E = I = 0. 

From Eq (5) 

𝑆 =
𝜇

𝑤
 

From Eq (8) 

𝑅 =
𝜇1

𝜇2
 

As a result, the disease-free covid 19 equilibrium point is 

 

 𝑆, 𝐸, 𝐼, 𝑅 =  
𝜇1

𝑤
, 0, 0,

𝜇1

𝜇2
  

 

 

Endemic Equilibrium  

 

The probability of disease transmission is indicated by endemic equilibrium points. Since the 

population S ≠ 0, E ≠ 0, I ≠ 0, and R ≠ 0 in endemic conditions and disease spread. 

Endemic equilibrium points obtained from Eqs(5) to (8) are: 

 

𝑆 =
(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)

𝛼𝛽
 

 

𝐸 =
𝛼𝛽𝛾 − (𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)

𝛼𝛽(𝜇1 + 𝛽)
 

 

𝐼 =
𝛼𝛽𝜇1 − 𝜔(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)

𝛼(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)
 

 

𝑅 =
𝜑𝛼𝛽2𝜇1 − 𝜑𝜔𝛽 𝜇1 + 𝛽  𝜇2 + 𝜑 + 𝜇 + 𝑤 𝜇1 + 𝛽 2(𝜇2 + 𝜑 + 𝜇1)

𝛼𝛽𝜇2(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)
 

Then, for COVID-19, the endemic equilibrium points are: 
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 𝑆, 𝐸, 𝐼, 𝑅 =

 

 
 
 
 
 

(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)

𝛼𝛽
,   

𝛼𝛽𝛾 − (𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)

𝛼𝛽(𝜇1 + 𝛽)
,                

𝛼𝛽𝜇1 − 𝜔(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)

𝛼(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)
,

𝜑𝛼𝛽2𝜇1 − 𝜑𝜔𝛽 𝜇1 + 𝛽  𝜇2 + 𝜑 + 𝜇 + 𝑤 𝜇1 + 𝛽 2(𝜇2 + 𝜑 + 𝜇1)

𝛼𝛽𝜇2(𝜇1 + 𝛽)(𝜇2 + 𝜑 + 𝜇1)
 

 
 
 
 
 

 

 

Using Eqs (1)- (4), the Jacobian matrices is given by 

𝐽 =  

−(𝛼𝐼 + 𝑤) 0          𝛼𝑆              0

𝛼𝐼
0
𝑤

−(𝜇1 + 𝛽)
𝛽
0

𝛼𝑆   
−(𝜇2 + 𝜑 + 𝜇1)

𝜑

0
0

−𝜇1

  

Then 

 

 𝜆𝐼 − 𝐽 =  

𝜆 + (𝛼𝐼 + 𝑤) 0         −𝛼𝑆                 0

−𝛼𝐼
0

−𝑤

𝜆 + (𝜇1 + 𝛽)
−𝛽
0

−𝛼𝑆   
𝜆 + (𝜇2 + 𝜑 + 𝜇1)

−𝜑

0
0

𝜆 + 𝜇1

  

 

Substitute  

𝑆 =
𝜇

𝑤
 𝑎𝑛𝑑 𝐼 = 0 

 

  

𝜆 + 𝑤 0         −𝛼𝜇1𝑤
−1        0

0
0

−𝑤

𝜆 + (𝜇1 + 𝛽)
−𝛽
0

−𝛼𝜇1𝑤
−1

𝜆 + (𝜇2 + 𝜑 + 𝜇1)
−𝜑

0
0

𝜆 + 𝜇1

   

 

 𝜆 + 𝜇1   𝜆 + 𝑤  𝜆 + (𝜇1 + 𝛽)(𝜆 + (𝜇2 + 𝜑 + 𝜇1)) − 𝛼𝛽𝜇1𝑤
−1  = 0 

 𝜆 + 𝑎  𝜆 + 𝑏   𝜆 + 𝑐  𝜆 + 𝑑 − 𝑒 = 0 

With  

𝑎 = 𝜇1 ; 𝑏 = 𝑤 ; 𝑐 = 𝜇1 + 𝛽 ; 𝑑 = (𝜇2 + 𝜑 + 𝜇1) ; 𝑒 = (𝛼𝛽𝛾)/𝑤   
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𝜆4 +  𝑎 + 𝑏 + 𝑐 + 𝑑 𝜆3 +  𝑎𝑏 +  𝑎 + 𝑏  𝑐 + 𝑑 + 𝑐𝑑 − 𝑒 𝜆2 

        +  𝑎 + 𝑏  𝑐𝑑 − 𝑒 + 𝑎𝑏 𝑐 + 𝑑  𝜆 + 𝑎𝑏𝑐𝑑 − 𝑎𝑏𝑒 = 0 

 

𝐾 = 𝑀1𝜆
4 − 𝑀2𝜆

3 + 𝑀3𝜆
2 − 𝑀4𝜆 + 𝑀5 

With 

𝑀1 = 1 

𝑀2 = 𝑎 + 𝑏 + 𝑐 + 𝑑 

𝑀3 =  𝑎𝑏 +  𝑎 + 𝑏  𝑐 + 𝑑 + 𝑐𝑑 − 𝑒  

𝑀4 =  𝑎 + 𝑏  𝑐𝑑 − 𝑒 + 𝑎𝑏 𝑐 + 𝑑  

𝑀5 = 𝑎𝑏𝑐𝑑 − 𝑎𝑏𝑒 

With condition 𝑀1, 𝑀2,  𝑀3,  𝑀4 , 𝑀5 > 0 

This brings us to the conclusion that if 𝑐𝑑 > 𝑒and 𝑀1, 𝑀2,  𝑀3,  𝑀4 , 𝑀5 > 0, then 

𝜆1,  𝜆2,  𝜆3,  𝜆4 < 0 

 

The equilibrium point in the COVID-19 model is a stable global asymptotic equilibrium point 

since the characteristic values of the equation system are negative. 

 

COVID-19 Basic reproduction number 𝑅0 for SEIR model  

From Eqs (1) –(4), 𝑅0 is calculated by applying generation Matrices method.  

 

 

Let 𝐹 =  
0 𝛼𝑆
𝛽 0

  

𝑉 =  
(𝜇1 + 𝛽) 0

0 (𝜇2 + 𝜑 + 𝜇1)
  

Then                            

𝑉−1 =
1

 𝜇1 + 𝛽 (𝜇2 + 𝜑 + 𝜇1)
 
𝜇2 + 𝜑 + 𝜇1 0

0 𝜇1 + 𝛽
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𝑉−1 =

 

 

1

𝜇1 + 𝛽
0

0
1

𝜇2 + 𝜑 + 𝜇1 

  

 

𝐹𝑉−1 =   
0 𝛼𝑆
𝛽 0

 

 

 

1

𝜇1 + 𝛽
0

0
1

𝜇2 + 𝜑 + 𝜇1 

  

 

=

 

 
 

0
𝛼𝑆

𝜇2 + 𝜑 + 𝜇1

𝛽

𝜇1 + 𝛽
0

 

 
 

 

𝑅0 =
𝛼𝛽𝜇1

 𝜇1 + 𝛽  𝜇1 + 𝑤  (𝜇2 + 𝜑 + 𝜇1)
 ………… (3) 

 

COVID-19 Stability analysis for SEIR model  

Theorem  

1 The system of Eqs. (5)–(8) is global asymptotic stable for 𝑅0 ≤ 1 

2 The system of Eqs. (5)–(8)is unstable in  

𝐷 = { ( 𝑆, 𝐸, 𝐼, 𝑅 )  ∈ 𝑅+
4  , 𝑆 +  𝐸 +  𝐼 +  𝑅 ≤ 𝑆0 }for𝑅0 >  1 

 

Let 𝑌 =  𝐸, 𝐼 𝑇 ,be the case that 
𝑑𝑌

𝑑𝑡
≤  𝐹 − 𝑉 𝑌, with F and V are matrices used in R0, and u 

being an Eigen vector of F  

𝑅0 = 𝜌 𝐹𝑉−1 = 𝜌 𝑉−1𝐹  

If 𝑉−1𝐹 = 𝑅0, then 𝑢𝑉−1𝐹 = 𝑅0𝑢 

Let Lyapunov function 

𝐿0 = 𝑢𝑉−1𝑌 

𝑑𝐿0

𝑑𝑡
= 𝑢𝑉−1

𝑑𝑌

𝑑𝑡
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𝑑𝐿0

𝑑𝑡
= 𝑢𝑉−1 𝐹 − 𝑉 𝑌 

𝑑𝐿0

𝑑𝑡
= (𝑢𝑉−1𝐹 − 𝑢)𝑌 

𝑑𝐿0

𝑑𝑡
= 𝑢 𝑅0 − 1 𝑌 

If 𝑅0 ≤ 1, then 
𝑑𝐿0

𝑑𝑡
= 0, resulting in 𝑢𝑌 = 0, and 𝐸 = 𝐼 = 0 with 𝑢 > 0 

If 𝑅0 < 1then 
𝑑𝐸

𝑑𝑡
+

𝑑𝐼

𝑑𝑡
= 0 and we realized 

𝛼𝑆𝐼 −  𝛽 + 𝜇1 𝐸 + 𝛽𝐸 − (𝜇2 + 𝜑 + 𝜇1)𝐼 = 0 
 

𝛼𝑆𝐼 −  𝜇1 + 𝜑 + 𝜇 𝐼 = 0with𝐸 = 0 

 

𝑅0  
 𝜇1 + 𝛽  𝜇1 + 𝑤  (𝜇2 + 𝜑 + 𝜇1)

𝛽𝜇
 𝐼𝑆 − (𝜇2 + 𝜑 + 𝜇1)𝐼 = 0 

 

(𝜇2 + 𝜑 + 𝜇1)  
𝑅0 𝜇1 + 𝛽  𝜇1 + 𝑤 

𝛽𝜇
𝑆 − 1 = 0 

 

(𝜇2 + 𝜑 + 𝜇1)  
𝑅0 𝜇1 + 𝛽  𝜇1 + 𝑤 

𝛽𝑤
− 1 = 0 

It denotes (𝜇2 + 𝜑 + 𝜇1)[𝑅0 − 1] ≈ 0 

It can then be shown that, if  𝑅0 < 1, then 
𝑑𝐿0

𝑑𝑡
< 0 

This ensures the system's asymptotic global stability. 

On the other hand, if R0 < 1 , then 
dL0

dt
> 0, the vector fields' continuity means that the system in 

D is in a neighborhood. 

According to the Lyapunov stability principle, the system in Eqs. (5)–(8) is unstable.The 

persistent principle [22], which is close to the proof of Theorem 2.5 in [23], can be used to prove 

the last part of the theorem. 

Conclusion 

 

On the basis of the investigation's results, the SEIR model may be used as a guideline for 

COVID-19 second wave distribution in India. The model's study offers a global overview of 
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COVID-19 spread as well as details on whether India is endemic for the virus. The recreation 

results then provide an early indication of the number of COVID-19 cases in India, as well as 

demonstrating that immunizations can hasten COVID-19 recovery and that the detachment time 

frame can monitor COVID-19 spread in India. Suppose the second wave is reached high, the 

third wave becomes very small and very soon this disease will end otherwise third wave 

becomes very high. 
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