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ABSTRACT
The paper is aimed to explore a substantial ecosystem by conceptualizing the model with a Prey-Ammensal, a Predator and an
Enemy to the Prey-Ammensal.Limited resources are considered for all species. Perturbation analysis is carried out for identifying
the existence of the ecological model. The studies of local stability and global stability established the behavior and nature of the
ecosystem. Diffusion analysis and Stochastic Analysis are employed. The Homotopy perturbation approach is used to evaluate the
series solutions. Whenever possible, the appropriate graphs are illustrated.
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1. Introduction

The analysis of the diversity and distribution of various species using the same resources in the same
ecosystem may also be referred as ecology. The Local stability and Global stability of various ecological
models were established by K.V.L.N.Acharyulu and N.ch. PattabhiRamacharyulu in multifarious aspects [5-
9]. Eminent Scholars, Mathematicians [1-4] and Lotka A.J [10] defined and executed useful principles to
identify the nature of various ecological models.

1.1 Notations Adopted for the Significant Ecosystem:

In this model, Ni(t) represents Prey-Ammesnal species population strength with the natural growth rate
a1.N2(t) stands for the predator’s population strength striving of the Prey-Ammensal (N1) with the natural
growth rate a2.Ns(t) denotes the Population Strength of the enemy to the Prey-Ammesnal(Ni) with the
natural growth rate az aii refers the rate of decrease of Ni due to insufficient resources of Nii =1,2,3.a12 can
be represented as the rate of decrease of the Prey-Ammesnal(N1) due to inhibition by the predator (N2).a13
refers the rate of decrease of the Ammensal (N1) due to competitive inhibition from enemy (Nas).a2: stands
for the rate of increase of the predator (N2) due to its successful attacks on the Prey-Ammesnal species
(N1).The carrying capacities of N; ,i = 1, 2, 3 are represented by K; : ai/aii. Theco-efficient of Prey-
Ammensalism is denoted by a= ais/ai1.The co-efficient of Prey-Ammesnal suffering rate is represented by
P=ai»/a11. The co-efficient of predator consumption of the Prey-Ammesnal is labeled by Q=a»i/a>

All these variables and considered parameters are assumed as non-negative.

2. Basic Equations

The equations for the significant ecosystem are constituted as
(i) The rate of growth equation for Prey-Ammensal species (N1):
dN,

= a11N1( Ki— Ni— PN2— & N3) (2.1)
(i) The rate of growth equation for predator (N2):
dN
d—t2= a2 N2 (Ko—N1+QNyp) (2.2)
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(iii)  The rate of growth equation for enemy (N3):
N
dN, = azsN3( Kz —N3) (2.3)

Here The co-existent state E” (E,N_Z,N_g)exists at

... —_ K/ —-PK,-aK —_ QK,+K, -QaK —
(viii) N,=— HfQ N, 11+2PQQ 5 N=K, (4)

With the terms and conditions K, > PK, + oK, and K, > K, /aQ

3.Analysis of Stability at Co-Existent State

Lemma (3.1):
-a,(K,—aK;-PK,) -a,P(K,-aK,-PK,) a a(K, —a K, -PK,)
1+PQ 1+PQ " 1+PQ
If A= 2,Q(QK,+K, —Qu K;) -a,(QK,;+K, -QaK,) 0
1+PQ 1+PQ
0 0 _Ksass

Then th_e system is stable only when (o, +B)* > 40,8(1+pq) (o, +B)*=4a,B(1+PQ)
(o + B)* < 4oy B(L+ pa)

Proof: The characteristic roots are :

= Koam I —(aﬁﬁ)i\/(aﬁl;) ~dap(lpa)

_ay (K, —0K; -PK,) B= 2, (QK,+K, —QAK;) (5)

' 1+PQ ’ 1+PQ
Case (i): When (o, +B)* > 4a,B(1+pq)
In this Case(i), real and negative roots are obtained. Hence, It is stable.
Case(ii): When (o, +B)*=40,f(1+PQ)
In this case(ii), real and negative roots are found. Therefore, It is stable.
Case (iii): When (o, + 8)* < 40, B(L+ pQ)
Here, the roots which are complex with negative real part occurred, thus the state is stable.

Lemma(3.2):
If A be the jocobian matrix (mentioned above) then the solution curves are representing

asymptotical stability.
Proof: The solution curves are obtained as

(A HBU (A K 8 55) — 00y Uz ] —0,PU L, (A K jag,) ht
(A =2, (M TK za55)
+ (A, HBU,p (A, K2 55) — a0, Ugy ] — 0, PU (A, K pa4,) alot _ (B—Kjag)aoUsy, o Kadt
(A, =), K ja5;) (A K ag) (A, K ja;,)
U, = (A o) HB)(A HK g ) H(A +K a5,)BQU,, —BQaa, Uy, ol
(A —2)(M K ja,,)

U, =

1836



Annals of R.S.C.B., ISSN:1583-6258, Vol. 25, Issue 1, 2021, Pages. 1835 - 1844
Received 15 December 2020; Accepted 05 January 2021.

+ (A, o ), )N, K gag) + (h, K jaq,) B Quyg —a o fQ uy, gl _ 00,fQ uy, aKatat
(h, = hy)(h, K 25) (A K 525) (2, K 255)

Us = Uso e_K3a33t (2.4)

Geometrical interpretation:
The system is asymptotically stable in the three cases (i). U 10> U20 >Uszo, (ii).U 10 >Usz0 >Uz0 & (iii).U 20>

Uzo > U1o.The solution curves are illustrated in Fig.1 to Fig.3

U, L8
Uio
Uio
Uz Uso
Uso Uz
Us
U i ’
U : 8;
U 4 S
]> t 0 t*lj -
0

Fig.1: Case (i): U 10> Uz0>Uzo Fig.2: Case (ii): U10>Usz0> Uz

0 t*23  t¥y
Fig.3: Case (iii): U 20> Uso> U1o

4. Analysis of Stability in Different Aspects

Stability Analysis in terms of Local and Global Stabilities of considered significant ecosystem by R-H
criteria, Lyapunov Theorem, Diffusive analysis, Stochastic Analysis is discussed with the following

theorems.
—ay N, —ap N, —a;N,
Theorem (4.1):1f A=| a,)N, —a,N, 0 |isaJocbian matrix with the valid conditions

0 0 _assN_s
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K,—N,—PNz—aN,=0,K, - N2 +QN, =0, K, — N, =0 then the corresponding system is Locally stable at
Coexistence Equilibrium State E” (N_lN_Z)

Proof:
The characteristic equation of Ais [A—41|=0
_a11N_1 -4 _aHWl _a13N_1
ie| a,N, -a,N,-1 0 |[=0
0 0 —a,N, -1

ﬂz(—a%N_—i)[(ﬂJraﬂ ( a )+a12a21N N ] 0
N,)+

+ 22
ied= /13“‘22(311'\' +a22N +a,N [ auazz"'aiz 21)+a33N (a11N1+a22N_2)

+a5;N,N, N, (ay,3,, +a,,8,) |

By arranging Routh Array, all the elements in the first column are positive.

Those are1>0, X, >O,M >0& X, >0where X; =a11W1+aQZN_2+a33N_

1

Xz = N_lN_z(auazz +a12a21)+a33N_3(a11N_1+a22N_2) X2 = a5 N1N2 Ns(auazz +a12a21)
X X, —1.X, 1

xl auN +a, N +a“33

{[an o Ny +8,8,8, N, +2,8,,° N, +8,8, N, [N, N,

|:a11 a33 N + allaSS :| N N + |:a22 a33 N2 + a228‘332 N_3:| N_ZN_3+ 2a11a22a33 N_lN_ZN_S} >O
The system is therefore locally stable under the R-H criterion at E*( N 1, N2)

Theorem(4.2): The positive equilibrium g* W N,, N_ of system (2.1)-(2.3) is globally asymptotically stable

ooty o 1

wherel, 1, >0.

Proof: The suitable Lyapunov function v (t)is defined as (4.0) for verifying the global stability at the
interior equilibrium point E"(N,,N,,N, ).

d_V: Nl_Wl dN1+| Nz_N_z dN2+| Ns_N_s st
dt N, Jdt ‘I N, Jdt | N, |dt

dv — _
E = (Nl - Nl) (ai _allNl _a12N2 —313N1N3)+|1(N2 - Nz) (az _azzNz _a21N1)

+I2(N3 _N_s) (as _asst)

dv a13 ay ajz ay A, dV
< N, —N N, N, N,-N _—
at |:(a11 5 2322)( 1) +(ay +—2= 5 2a2 —)( ) +(a33 )( 3) dt <0

Thus v '(t) < 0, The non-diffusive system (2.1)-(2.2) is further globally asymptotically stable by the theorem

of Lyapunov.
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Theorem (4.3):
The diffusive equation system is constituted as

OoN 0°N

ElZalNl_allle —a12N1N2—813N1N3+ Dlel (4.1)
oN 0°N

—2=a2N2—a22N22—a21N2N1+ Dz auzz (4-2)
oN N

5_'[3 = ast - asal\la2 + Ds 5U23 (4-3)

where D,, D, , D, represents the constant diffusion coefficients of N1,N2,Ns respectively

Then all the Eigen values of the system (4.1)-(4.3) are having negative parts if and only if the conditions
A>0, C>0, AB-C <0 hold

where A=a,N, +a,N, +a,N,+K2(D,+D,+D,);

B= anN_lazzN_z‘i' assN_aazzN_z+311W1a33N_3+ K2(a22N_2(D1 + D3) +311N_1(D2 + Ds) +a33N_3D1 +D,))

+K4(D1D3 +D,D, +D,D,) + auﬁlale_z;

C=(agN;+ K2D3)(a12 N, N,) +(a; N, + KZDl)(azz N, + KZDZ)(as3N3 + K2D3)

The set of equations (4.1)-(4.3) is a diffusion system with the conditions on N, (u,t), N, (u,t) and N, (u,t)in

0<u<L,L>0 asbelow

ON,(0,) 0N (L,t) ON,(0,t) &N,(L,t) ON,(0,t) ON,(L,t)
ot ot ot ot ot ot

To discuss the system's steady state, the system(4.1)-(4.3) can be linearized by puttingN, =N, +v,,

0

N, :N_2+v2, N, :N_3+v3
and we obtain

avl :_allﬁlNl _a12JV1N2_a13171N3+D1 g 1\2]1 (44)
ot ou

V., N.N,+a, NN +D, e (4.5)
ot ou®

ov. — N

Esz_aest N3 + Dsﬁ (4-6)

Let the solutions of the system (4.4)- (4.6) be in the form of

v, (u,t) = ae™ cosku ; v, (u,t) = a,e™ cosku v, (u,t) = a,e™ cosku .

Then the model becomes

V1’ (t) =-a, N1N1 —a, N1N2 — N1N3 + D1(K2N1) (4-7)

v, (t) =-a,,N,N, +a,, N,N, + D,(K°N,) (4.8)

v, (t) = —a,N, N, + D,(K’N,) (4.9)

The characteristic equation of the variational matrix of the system (4.7)-(4.9) is in the form of
A2+ A2 +BA+C =0 (4.10)

where A=a, N, +a,N,+a,N, +K?(D,+D,+D,);
B= allN_laZZN_2+ aesN_sazzN_z"'anWlassN_s"' Kz(azzN_z(Dl +D;,) +311N_1(D2 +D;,) +833N_3D1 +D,))
+K4(D1D3 +D,D, +D,D,) +a12W1"5"21|\|_2
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C = (8N, + K?D;)(a, N;ay, N,) + (N, + K’D))(&,, N, + K?D, )(ag;N, + K*Dy)
By the Routh-Hurwitz criterion, all the Eigen values of (4.10) have negative parts if and only if A>0,
C>0, AB-C>0.

Theorem(4.4): If the interior equilibrium point (E,N_Z,N_g)of the system without diffusion is globally

stable, then the corresponding uniform steady state of the diffusive model (4.1)-(4.3) under zero flux
boundary conditions is also globally asymptotically stable.
R

Proof:- Let us define the function V,(t) = jV(Nl, N,,N,)du
0

V(Nl,Nz,Ng){(Nl—m—mn(%)}l{(m—N_z)—N_zln(%)}l{(Ns—Ni)—Niln(%)}Now we

1 2 3
differentiateV, w.rto t along withNi,N2,Ns of the diffusive model (4.1)-(4.3) we gQet

V2(t) = j L N, v oN, du=1+I
oN, at 8N2 ot aN "ot

R ) 5
e[S, (0,27 o Y N I,
o dt oN, éu oN, éu &N, ou

0
Using the established result of B.Dubey&J.Hussain [1]
R A2 2 R A2

o°v (oN o°v ( ON oN,

l,=-D,| =—| =— | du-D,|=—| =2 —
? ljaNz(auJ ZgaNz(auj (auj

N, (N, "N, ’ TN, (0N,
'ZZ_DJNZ(a jd ) INZZ( j I [a_j
0 1 u 0 2 0 3

It is observed that if I, <0 then % <0

Hence globally asymptotically stable of the system is obtained.
5. Stochastic Analysis

The following system of non-linear ordinarily differential equations establishes the model equations
for the constructed significant ecosystem as

(1) The rate of growth equation for Prey-Ammensal species (N1):
dN,

o L=aN,-a,N; —a,N,N,—a,N,N, +¥,Q(t) (5.1)
(i) The rate of growth equation for predator species (N2):

%:a N, —a,N2 +a,N,N, +¥,Q,(t) (5.2)
(ili)  The rate of growth equation for enemy species (Ns):

dd'\t'3 =a;N; —a,; N2 +W¥,Q.(t) (5.3)

Let W, W,&W¥,are real constants, Q(t)=[Q,(t),Q,(t),Q(t)]is a 3D Gaussian white noise process
satisfying E[Q, (t)]=0 i=123
Where ¢, ; is the Kroneckersymbol ;& is the ¢ —dirac function.

N, (0=, (1) +5", N, (1) =, (1) + P & N, () =, (1) +q"
1840



Annals of R.S.C.B., ISSN:1583-6258, Vol. 25, Issue 1, 2021, Pages. 1835 - 1844
Received 15 December 2020; Accepted 05 January 2021.

dN, du; dN, du, dN; du,

dt  dt ' dt  dt ' dt
From equation (5.1)
% =-a U, —a,u,q —a,us —a,sq +¥,Qt) (5.4)
From equation (5.2)
d(;jt ==a,u, +a,p - —2a,,U,p" —a,,Pp 2 +a,UU, +a,u,p +a,u,s +a,s p +¥,Q,(t) (5.5) From
equation (5.3)
% ==a,U, +a,q —ay,U," —2a,U,q —a,q~ +¥P,Q,(t) (5.6)
The like part of (5.4),(5.5)&(5.6) is given by
% =—a,U,S —a,u,s —aU,s +y,Q (t) (5.7)
du, . . du, .
ot a,U,p +a,up +y,Q,(t) & i AzU50 + 1,2, (1) (5.8)& (5.9)
Taking Fourier technique of (5.7),(5.8)&(5.9),we get
EqQ(5.7) =y,(0) Q =(io+a,s")u () +8,5%U,(0) +a,5%U;(e) (5.10)
Eq (5.8) = ¥,Q,(0) =(iw+a,p")u, (@) -a, p*u,(w) (5.11)
EQ(5.9) = ¥,Q4(e) = (i0+a,07)uy(@) (5.12)
The matrix form of (5.10),(5.11)&(5.12) is= M (w)u(w) = Q(w) (5.13)
M, M, M, u, (@) AN
Here M(w)=|M,, M,, M, | ;u(e)=|u,(®)|; Q)=|y,Q: ()
M, M, M, U, (@) %53 (®)
—-iw+a,S  a,s .S
where M(w) =| -a,p  iw+a,p 0

0 0 io+a,p
= |detM ()| =R(e) +1 (@)’

2 * * * * * * * * *
= |det M (a))| =(-0'a, P —0a,S —0° a5 +a,8,855 PG +a,8,85,S Pq)°
+(—a)3&)alla22 sp + Wa;ay sp + @Wa5,833 pag + apy833 s'q)?

From (5.13) = U(w) = [M ()] +Q(0)

MMCF(l,l)T ( a)) |\/| CF(1,2)T ( a)) |\/| c|:(1,3)T ( w)

where [M(@)]* =k(@) = ——| M, (0) M, (@) M, (o)
((0) M CF (3,1) (a)) M23CF(3,2) ((0) M CF (3,3) (C())
3 CF(2|) 3 © CF(2|) 3 © CF(3|)
NowGu2=iZj\P 12[\}' da),au2=izjly
b 274F |M(a’)| 2n i1 % |M(a))| P 2miI e, |M(w)|
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T 2 * * *
= ‘MnCF(m (w)‘ = (535 P q-o®)? +a)2(6122 P +az;q )%

. 2 . . . 2
‘Mlzm:(z'l) (a))‘ = (2,359 )? +a)2(a21a)p )%, M13CF(3'1) ((0)‘ =0;

2
lecF(lVZ)T (a’)‘ = (a12a33 sq )2 + o’ (a12 S )2;

2 2
Mzz(:F(z'Z)T (a))‘ =(a,2555 9 —o’)’ + o’ (a8 +a50 )% M23CF(3’2)T (a))‘ =0;

T 2 * *  x T 2 * %
M31CF(1'3) (a))‘ =(a,; ws )? +(a58, S P )% M32CF(2’3) (CO)‘ =(a,2,58 P )%

2
MsscF(B'S)T (0))‘ = (@8, S P +8,8, S P~ @)+’ (8,8 +a, p)°

Case()): If ¥,=0& Y, =0

then o, 2 ZLT ‘Jjg(ama)s*)u(aizsazzs* p*)Zdw’ o J. W, (88,55 p )
o % [(anaizs P +a,8,s p-0’)’ +0’(a,s +a,p )" ] do
" 27[ |M (a))|

Case(2): If ¥,=0& ¥, =0
then o, IT ,(8,8,,8 q)* + (a,08") do
i 271' |M(a))|

o, zzij ¥, (8,88 4 ~0’)’ +Z] (a115*+a33q*)2d0)’ 5,2=0
2 2 |M(a))| 3

Case(3):If ¥,=0& ¥, =0then o, _[\P (B8P 4~ ") + 0" (@ P+ )’ do
o, M (o)
o 2= I\P(a21a33q) +(alwp)da) o 2=0
g IM (@) e
Clearly the steadiness of populations for smaller estimations of mean square vacillations is pointed out by
the population variances.

6. Series Solutions by Homotopy Perturbation Method

The series solutions are obtained by HPM as
Nl(t) =G+ (a1 — a6 —a,C, — aiscs) ct

t

+|:(ai - 2a11C1 - a12(:2 - alscs) (al - allcl - aizcz - aiscs) —a, (az —a,C, + aZlcl)CZ —ay; (as — 853G, ) Cs ]Cl E +
{(a 22,0, —a,¢, —a,6,)¢ [ (& — 28,6, ~a,C, ~aC;)
(ai — a6 —apt, — a13(:3) —a, (az —auC, + a21(:‘1)(:2 —a; (a3 — 83C3 ) C3]
26, (@ (B, ~ 410, —B4,C, — 1€ )G, + 84, (8, =y, +,,C,)C, +ys (85 —84C5 ) |
(31 — a6, — 3,0, — a13c3) —a,6C, [(az - 2a2202 + a21C1) (az —ayC, + a-21(:1)

t3
+ay (a1 —a,C —a,C, — 31303) Cl]_ a;5C (as - 28,3303)(&3 — 50 )Ca} E to
N, (t) = C, +(a, —a,C, +a,C)C,t
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t2
+ [(az - 2azzcz + a21cl)(a2 —a,,_C, + a21cl) +ay (81 —a,,C, —a,C, — aiSCS) C1:| C, E

+a, (ai —a;;,G —a,C, — aiscs) C1] +2c 2 (az —a,C, + aZlcl) [a21cl (ai —a,,C —a,C, — aiscs)
—ay (az —a,C, + a21cl)C2] +a,CC, [(81 - 231101 —a,C, — aiacs) (81 —a,,C —a;,C, — alSCS)

3

t
—a (az — 85,0, + a21cl)C2 —&5C3 (as —a53C, ):I} E T

N3(t): Cs +(ae —a3303)c3t +(as - 2333C3)(a3 _asscs)cs
3

t
+(aﬁ _a33C3)C3 [(as _2a33C3)2 _Zasa(aa _a33C3)C3]E+ ---------

7.Conclusions

On the basis of this study, we draw the following conclusions on an important three species significant eco-
system:
(). The asymptotic stability of the system in various cases is asserted by using geometrical interpretation.
(ii).Local stability of the system is observed at interior equilibrium state by Routh-Hurwitz criterion
(iii).Global Stability is also established by constructing suitable Lyapunov function.
(iv).Diffusion and Stochastic Analysis addressed effectively the stability of the system.
(v).Homotopy perturbation method efficiently extracted the series solutions of the three species ecological
model.
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