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ABSTRACT
The purpose of this paper is to study the behaviour of integral operators of Hardy-type on monotone
functionin orlicz spacewith general weight.on weighted Orlicz spaces. The result is based on the theorem on the
reduction of modular inequalities for positively homogeneous operators on the cone €2, which enables passing to
modular inequalities for modified operators on the cone of all nonnegative functions from an Orlicz space. It is
shown that, for the Hardy operator, the modified operator is a generalized Hardy-type operator. This enables us
to establish explicit criteria for the validity of modular inequalities.
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I. INTRODUCTION

In this paper, we consider modular inequalities for Hardy-type operators on the cone Q of positive
decreasing functions from weighted Orlicz spaces. We use a general theorem (proved in [1]) on the reduction of
modular inequalities for positively homogeneous operators on the cone €, which enables passing to modular
inequalities for modified operators on the cone of all nonnegative functions from Orlicz space. It is based on the
duality theorem describing the associated norm for the cone Q. We follow, mostly, the notation used in the book
[2, Sec. 8, Chap. 4] of Bennett and Sharpley. In the paper, we concretize modular inequalities for the case in
which the positive operator is a Hardy-type operator. It is shown that, in that case, the modified operator is a
generalized Hardy operator in the Jim Qile Sun notation [1]. This allows us to use an approach developed in [4],
as well as its generalization and modification obtained by Jim Quile Sun [1], [5], to establish of explicit criteria
for the validity of modular inequalities.

Definition 1.Function @ : [0,4+0) — [0,+00) is called a Young's function if it satisfies conditions: @ (0) =
0,limy_,, D (x) = +oo.

An N-function ¢ is continuous Young's function such that

D (O = fy ¢

where¢ is a nondecreasing, right continuous function defined on [0,+0) with ¢$(0) = 0, p(+0) = +oo.
Letd ! be the right continuous inverse function of ¢, and define

Y = [ o7

Yis called the complementary function of @ .

Definition 2.a) An N-function @ is said to satisfy the A, condition (we write @ € A, )if there is a constant
B >0, such that

d(2t) < BD(t), Vt>0. (1)

b) We write @, << @, if there isa constant L, >0, such that inequality
-1 -1

LD, D, @=sLP,c®, iap, (2)

holds for every sequence {a;} with a; = 0.
c) Let v be a positive, measurable weight function and @ be an
N-function. The Orlicz spaceLcD y consists of all measurable function f (modulo equivalence almost

everywhere) with
Ifll g ,, = inf{a >0, Jy” @ QM) Dv(x) dx < 1} < oo, ®3)
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We call ||. || D, v the Luxemburg norm.

The Orlicz norm of a function f is given by

£y, = sup{fy”Ifglvdx = [" ¥(lghvex < 1} ©)

Remark 1.L .y is a Banach space and the Luxemburg and Orlicz norms are equivalent . In fact,
Il g, <Ny, <2flly, .

Consider the cone of nonnegative decreasing functions from the Orlicz space:
Q={fel,,:0<f} 5)

Forg € M, we introduce the following associated norm on the cone (2 :
lalq =sup{j fgdt: feq;|f ||®’Vs1} ©)
0

Proposition 1 ([4]).Let @, ¥ be the complementary Young functions, the Young function @ satisfies A 2-

condition, let ve M _ , and let

+

t
0<V(t)::IVdr<w, teR , V(+x)=+0. (7)
0

The following two-sided estimate holds:

||g||Q';Hmo(g)uwﬂnf{bo: T‘P(;L—l‘mo(g;t)‘)v(t)dtgl}, ®)
' 0
where

t

Ro(g;t)=V(t)" [ g(z)dr, teR,. ©
0
Here and below we use the notation

A=B < 3Jc=c(a)e[l,o): c*<A/B<c. (10)
In the following considerations, we will use the formula for the conjugate operator to the operator:
ﬁig(f;r):J.Lt)dt,reR+. (11)
? V(1)
Let us now state the main result of this section allowing us to reduce modular inequalities for operators
on the cone {2 to modular inequalities for modified operators on the cone M .

Proposition 2 ([10]). Let T and T be positively homogeneous operators that take M, to M, and are
adjoint, i.e.,

[oTfde=[ fT gdr, f,geM.. (12)
R R

+ +

Letd,, @, be Young functions that are positive onR, = (0,+),u,v,we M _, and let condition (7)

holds. Let the operator R, be given by formula (9). Then the following inequalities are equivalent:

Jc, eR, : d)z‘l{Rjd)z(wa )udt}s d)l‘l{Rj o, (c, f )vdt}, feQ;

+

(13)
Jc,eR, i@, j CDZ(WTSR; (vf ))udt < chl{ | @ (c,f )vdt}, feM, (14)
R, R,

Definition 3. A generalized Hardy Operator is an operator of the form
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KF (x) = fk(x,t) fdt, K'g(t) = Tk(x,t)g(x)dx, (15)

where

a) k: {(x,t) eR%*:0<t<x< +oo}—) [0,40);

b)k(X,t) > 0 is nondecreasing in X , nonincreasing in t;

) k(X,y) < D(k(x,t) +K(t,y)), whenever 0 <y <t < X <+ for some constant D.  (16)

Proposition 3 ([1]).LetdD,, D, are N-function and @, << D, , and K be a generalized Hardy operator(15).
Let a, b,u and w be nonnegative weight functions. Then there exists a constant4 > 0 such that

@51 (J(-)Jroodbz(aKf)wdx) <ot (fOer(Dl(Afbdx)v)

for all nonnegative, measurable functions f if and only there exists a constant C such that

5! f T ®, a@) ||k ;5 xon()

gub

c w(x)dx | < ot (;)

1/)1(511)

and

+oo a(x .
5! f o, ( )|X(o,r)()
.

/1
svb k(x ;1) Jow(x)dx | < d)11<g)

lpl(gu)
holds for ,7 > 0.

Proposition 4 ([1]). Leth @, are N-function and @, << ®,, and K* be a generalized Hardy operator (15).
Leta, b,v and w be nonnegatlve weight functions. Then there exists a constantA > 0 such that

+o00 +oo
b5 <f d)z(aK*f)wdt) < o7t (f <I>1(Abf)vdt>
0 0
holds for all nonnegative, measurable functions f if and only there exists a constant C such that

" a®) [|kC X +0)()
o5t ) -
2 ,L 2\ ¢ | sub

w (t)dt | < ot (g)

lpl(sv)

and

k(r ;t) |w(t)dt | < o7t (;)

evb

r a(t BNE
5! J’ ®, ()|X(r,+ NO)

0 P1(ew)
holds for &, > 0.

1. APPLICATIONS FOR HARDY-TYPE OPERATORS

Let us now state the main result of this section allowing us to reduce modular inequalities for operators
on the cone €2 to modular inequalities for modified operators on the cone M N

S(f;x)zj f(r)dz, 7eR,. 17)

X

Theorem 1. Let @,,®, be N-function and @, << D ,, W, U,V be positive weight functions, 3 be Hardy-

type operators (16), then there exists a constant C > 0 such that

qnz‘l{ [ @, (w3 f)u(t)dt}s qnl‘l{ j@l(Cg)vdt}, feQ, (18)

R

holds for all nonnegative, nonincreasing functions f if and only if there is a constant B such that all of the
following inequalities hold for all €, r > 0:

J-cD W(t) ”k(r )Z(rm)” U(t)dt < (Dl_l (Ej’ (19)
&V £

wi(ev)

holds for &,v > 0.

http://annalsofrscb.ro 1198



Annals of R.S.C.B., ISSN:1583-6258, Vol. 25, Issue 2, 2021, Pages. 1196 - 1200
Received 20 January 2021; Accepted 08 February 2021.

Proof. 1. The purpose of the first step is to reduce estimate (14) to the estimate for the Hardy-type operator in
the paper by Jim Quile Sun [1]. For the Hardy-type operator (19), using (11) and changing the order of
integration, we obtain

(R (v 51))= Tﬁ f(%);gx) dxjdr, reR,

t\r

3%, (v :1)= [k D) dx, teR,, (20)
where
‘ f(x (%) 4
x=x-t,  g(xX)=—7—~—", ot)=V{Hv (). (21)

V(x)

we obtain the equivalence of (14) and (22), where (22) is of the form

Jc,eR,: @, JCDZ[W(t)Tk(x,t)g(x)dx]u(t)dt < cpl‘l{ jd)l(cso-g)vdt}, geM, (22)

R

+

R

+

As a result, introducing the operator
Jo(g:t) = [k(xDg(x) dx, teR, (23)
t

we see that the kernel K(X,t) is nonincreasing with respect to X € (t,oo], and nondecreasing with respect to
te (O, X]. The kernel also satisfies the triangle inequality

k(x,t) < D(k(x,y)+k(y,t)), t<y<x,

i.e., it is the kernel of the generalized Hardy operator 3, in the Jim Quile Sun terminology [1]. Here the

equivalence of the modular inequalities (14) and (22) holds.
2. We now pass to the proof of the equivalence of inequality (22) and the set of conditions (19). To this end, we
use a known result due to Jim Quile Sun (see [1]) combined with the generalizations given in [4]. Denote

% k(r, . _
q)zfl J.CDZ Wét) ( )z(l’,-#oo) U(t)dt < q)l l(£j1
0 NO €
f k(r, . .
D, ch>2 () K ) Xr u)dtt < @, 1(3} (24)
0 B &V va(ev) &

Thus, we have shown that (14) = (22) <= (19).
Theorem 1 is proved.
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