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ABSTRACT

Our work is categories into two sections. First section concerns with originatingan operational matrix for
fractional derivative of Lucas polynomials. With the help of this matrix,a spectral algorithm for solving
some fractional-order initial value problems is exhibited and implemented. And the second section deal
with a matrix whose entries are the coefficients appearing in the expansion of the derivative of Fibonacci
polynomials and whose the sum of the elements in the same row gives the first order derivative of classical
Fibonacci sequence at x = 1.

Keywords
Operational matrix, Fractional differential equation, Fractional Calculus.

A.M.S. subject classification:11-XX, 11B39.

1. Introduction

Ordinary differential equations involving fractional order derivatives are used to model a
variety of systems, of which an important engineering application lies in viscoelastic
damping[1].The operational matrices of derivatives are used for solving both linear and non-
linear ordinary and fractional differential equations [2].In [3], author concerned with deriving
an operational matrix of fractional order derivative of Fibonacci polynomials.

Consider the following fractional differential equation:

{D“y(x) +y® ) + y(x) = f(x)
y®9(0) =¢,

wherer =0,1,2,...,m—1,k=0,1,2,...mm—1<a<m

| @)

1.1 Preliminaries and notation
1.1.1 Properties of Fractional Calculus

The fractional derivative of y(t) is understood in the Caputo sense [4]. The caputo derivative
has the following property forn —1 <a <n

k! k—a
Detk = {F(k—a+1)t kza (2)
0, k<a

1.1.2 Some relevant properties of Lucas Polynomials

The Lucas polynomials is defined by the following recurrence relation
Ln+2 (X) = XLn+1(x) + Ln(x)'n =0

with initial conditions Ly (x) = 2, L;(x) = x, and they can be generated [5] by the following
form representation:
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00 =3, () (" F)a @

Theorem1.1.2.1 The following inversion formula to (3) in which the polynomials x; is
expressed in terms of Lucas polynomials is

[2]( 1)‘( ) L, _,;(x), if nisodd
X" = 1
=

. nn—1 (4)
DG L (l) L,_5i(x) + (—1)5< n > Ly(x), ifniseven
2

Proof
Casel: Whennis odd.
Clearly, results hold for n = 1.Let the result holds for n ,therefore
n m
1y (7) Lnai )
Note that multiplying both sides of the equality by x and using the definition of the Lucas

polynomials yields

it =31y (7) *LnziC0) = sl -1y (%) (Lnmzins () = Ln—gima ()
= El[i]o(—l)i (l> Lp—2i41(x) — Zi[i]o (—1)! (Tll) Ly_3i-1(x)

Our end goal is to combine these two summations into one. To accomplish this, note that
shifting the indices of the second summation up by 1, we have

X" = Zi[%;]o(—l)i (rll) n—2i+1(%) — E[ ] (-1 1( )Ln—2i+1(x) =

zl.[gjo(—ni (7) Lnzien () — zl.[i]l D () e @

()

In order for our hypothesis to be correct, it suffices to show that

et = 28 1 (M) Ly (0 + (D <n+1>L0(x)

2
To prove this, we have from (5),

X" =Ly + Zl-%]l (1) (?) Lp_2i41(x) — Zi[gjl (-t (i il 1) Ly 3i41(x) —

(0% (222 Ly o)

©

Now, the coefficient of L,_,;,1(x) = (?) + (i il 1) = (" T 1), therefore equation (6)
becomes
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+1 n
x" =L, + Z[ ] (=1 (n * 1) Lp_2i41(x) + (—1)nT <n_—|—1> Ly(x)
2

— 2 (") bz @+ (DT <n+1>L0(x)
2

Which is what we want.
Case IIWhen n is even
Let the result holds for n i.e.,

n—1 a/m—1
_Z[ : ]( 1)! ( ) n—Zi(x)+(_1)E< n )Lo(x)
2

Multiplying both sides of the equality by x and using the definition of the Lucas polynomials
yields

[n 1] n— 1
o+t = 5 B ) () b () + (= 1>z< >XL0(X)
2
[ n a/m—1
=352 (1) (i)(Ln_2i+1<x)—Ln_zl-_l(xn+2(—1>5< n )Lloo
2

—E[ (=1 ( ) n—2i+1(x) — 21[701](_1)1' (ril)Ln—Zi—l(x)
n—1

+ 2(—1)5< n >L1(X)
2

Our end goal is to combine these two summations into one. To accomplish this, note that
shifting the indices of the second summation up by 1, we have

3

n+1_2[ (1) () n—2i+1(X) — Z[ T (—D 1( 1)Ln—2i+1(x)
-1
+2(—1)5<n2 )Ll(x)
2

Since n is even, therefore above becomes
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et =2y (7) b2 () - 2l (-1y- P [ tc))
n—1

+2(—1)?< n >L1(x)

_Ln+1+2[ ]( 1)! ( ) n—2i+1(x) — Z[n 1]( - 1( 1)Ln—2i+1(x)

n " n—1
— (-pla ([ﬁ] _ 1) L (x) + z<—1)5< n )Ll(x>
2 2
Ly + 307 (1) (") Luceiaa 0 + (D (H )Ll(x)
a/m—1
+2(—1)?< n )Ll(x)
2

_z[u]( D (") Lz (0 + (- 1] <[ ]_1>+<n[§]l>

HO( 1)! (n+1) n—2i+1 (%)

which is what we desire.
1.20perational matrix of Derivative

Suppose that the equation (1) has a continuous function solution that can be expressed in the
Lucas polynomials y(x) = Zy_;a;, L, (x), and let y, (x) be an approximation to y(x),that is
Y () = Zptiar Ly (x) = ATL(x),

where A™ = [a;a; ... Gy 41], L(x) = [L1 ()L (%) ... Ly (0]7
1.2.1 Lucas operational matrix of derivative

The rth order derivative of (1) can be written as [6]
. G=Dm .
yPO) = A'D"L(x),D = [dy] ={"" "% It r=012,.n ()
0, j<i

where D is n X n operational matrix for the derivative.
The caputo derivative of the vector F can be expressed by
D%L(x) = B@L(x) (8)

Where B@ s the (n+ 1) x (n+ 1) operational matrix of fractional derivative. In this
section, we derive matrix B(“).Using (2)and (4) fori = 0,1,2,, ...,n

_ ol (N0 panicy
DaLi(x)—ijo (i —.j)( i >Daxz j
|5 [ i—j\ Ta+1-25) . . ]
Z,zl( )() 2j-a ;>
=19=0i = Ti+1-2j—a)" Ty =a
0, i—2j<a
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Ifi —2j > a,and i — 2j is odd , then using (4) ,we have

:) (i ;]) r(f(l J: ;jzi)a) X
:xﬁZH<_L>C—6 rG+1-2)

. . A Ligie
j=0\i —jJ\ Jj JT(i+1—-2j—a) Ukri-z-2k

= x_azj[z]()Bijk Li—2j—2k

Dthi (.X') — x_azj[;_']o (

where

[ﬂ] Y i i—7\ TG+1-2j)
_wlz k(2] o= (—) (YT / ij
A =22 (=1 ( k )’BU" _<i—j)< J )F(i+1—zf—“) oK

Ifi —2j > a,and i — 2j is even, then then using (4) ,we have

ey —xenld] (L)) TR
pr10) =55 (=) (G D=z

ﬂTH(__>C—ﬁ ra+i-2zp , .~
i=0\i—j/\ j JT(+1-2j—a) Uk 82k

i \fi—j\ TG+1-2)) i—zi"_,ff‘,l
(iTj)(j)r(iH—Zj—a)(_l) (lzzj Lo@)

=X

+ x‘“Zj[E:]O

i
2
“oBijc Li—2j 2k

el (- _TG+1=2) e (P H
M Zf=°(iTj>( j )F(i+1—2j—a)(_1) % LoGx)

sl

where

[i—Zj—l

N e PPN ) N i>(i—j) rG+1-2))
A =2g (T )’Bijk_<i—j j TG 1i=2 -

1.3Numerical Method

In this section, we describe in detail how the operational matrix of fractional derivative of
Lucas polynomials can be employed for solving fractional differential equations. Substituting
approximation obtained into (1), we find that

B@L(x) 4+ ATD¥L(x) + ATL(x) = f(x) ©)
ATD"L(0)=c,,r=01,.m—1
1.3.1 Hlustrative Test Problems
In this section we apply the method presented to solve the following test examples.
Example Consider the following equation
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3
YA @) +DPy() +y(x) =1+x

y(0) =1
y®(0) =1 ()
y®(0)=0

We applied the Lucas polynomial approach to solve (8) with n = 2. In this case we have

L= [L()(X),Ll(X),Lz(X)] = [2 rx'xz + 2 ]! A= [al'aZ 'a3]

[ 0 0 0 1

0 0 O 3 | 0 0 0 |

D3=|0o o0 0],35 =| TI@®3) I rQ3) x_;l

0 0 0 B ? ?
TCRNRON

And
ATD3L + ATB@)L + ATL = f(x),
3 3 3
Y(0) = ) 6li(®) = 1Y'(©0) = ) aDL(0) = 1,y"(0) = »" aD?L(0) = 0
k=0 k=0 k=0

On simplifying these, we obtain a;’s and we have y(x) = x + 1, which is the exact solution

2. Derivative of the Fibonacci polynomials
In this section we shall study a matrix which generates the sequences obtained by deriving
the Fibonacci polynomials.In [7], author proved many results related to the derivative of
Fibonacci polynomial.

2.1 Polynomials obtained by deriving the Fibonacci polynomials

By deriving the Fibonacci polynomials, it is obtained:

Fi(x)=0
Fy(x) =1
F3(x) = 2x

Fy(x) = 3x2 42

Fs(x) = 4x3 + 6x

Fo(x) = 5x* + 12x% + 3

Fo(x) = 6x° + 20x3 + 12x

Fg(x) = 7x% + 30x* + 30x2 + 4

Fo(x) = 8x7 + 42x° + 60x3 + 20x

Fo(x) = 9x® 4+ 56x° 4+ 105x* 4+ 60x% + 5

Note first, that the equations for the derivatives of Fibonacci polynomials may be written in
matrix form as F' = BX, where F' = [F;(x), F,(x), F,(x), .15, X = [1,x,x2,...]" and B is
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the lower triangular matrix with entrances the coefficients appearing in the expansion of the
derivatives of Fibonacci polynomials in increasing powers of x:

1 0 0 0 0 0 0 0 0 017
0 2 0 0 0 0 0 0 0 O
2 0 3 0 0 0 0 0 0 O
0 6 0 4 0 0 0O 0 0 O
B = 3 0 12 0 5 0 0 0 0 O
0 12 0 20 0 6 0O 0 0 O
4 0 30 O 30 0 7 0 0 O
0 20 O 60 0 42 0 8 0 O
5 0 60 0 105 0 56 0 9 O
L0 30 0 140 0 168 0 72 0 10
Note that matrix B is invertible.
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