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Abstract: Listeriosis and Anthrax are fatal zoonotic diseases caused by Listeria monocytogene
and Bacillus Anthracis, respectively. In this paper, the mathematical Modeling of Listeriosis and
Anthrax diseases is analysed. The mathematical modelling of Listeriosis and Anthrax is
formulated into first order system of linear differential Equations and first order nonlinear
differential Equations, respectively. The analytical solutions of both model is approached by the
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1. Introduction

The development of numerical techniques for solving system of linear and nonlinear differential
equations is a subject of considerable interest. There are many papers that deals with linear and
nonlinear differential equations. The application of Homotopy Perturbation Method in linear and
nonlinear problems has been adopted by researchers, because this method is to continuously
deform a simple problem. This method, Homotopy Perturbation Method (HPM) was first
propose by J. H. He [1].

Listeriosis and Anthrax are deadly zoonotic diseases,caused respectively by Listeria mon

ocytogene and Bacillus Anthracis. In infants listeriosis can be acquired in two forms. This is
usually contracted by mothers after consuming foods infected with Listeria monocytogee, and
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may cause sepsis that results in chorioamnionitis and delivers a septic baby or fetus. In addition,
mothers in the gastrointestinal tract who carry pathogens that infects their babies skin and
respiratory tract during childbirth. Listeria monocytogenes are among the most dangerous
pathogens that are responsible for neonatal bacterial meningitis.

Responsible factors for the disease include mediated HIV-related immune suppression,
hemochromatosis of hematologic malignancies, cirrhosis, diabetes and hemodialysis renal failure
[4]. Author in [5] developed a model for transmission of Anthrax, but never considered
transmission in either animal or human populations. Our model is an enhancement of the author's
research done in [5,6]. Both proposed models of Anthrax but focused only on the spread of the
disease in the cases of animals. Anthrax disease is caused by infections of
the bacteria and affects both humans and animals.

Our model is an improvement of the two models as we found Anthrax a zoonotic disease
and also looked at the sensitivity analysis and the impact of the contact rate on the transmission
of disease. A paper on the efficacy of constant and pulse vaccination policies using the SIR
model was published by the authors in [7]. Analysis of their findings under constant vaccination
has shown that the disease model dynamics are close to dynamics without vaccination [8 , 9].
There are some results about the spread of zoonotic diseases, but a majority of these studies
cone entrate on the impact of vaccination on disease distribution and transmission as in the case
of authors in [10]. In addition, the authors in [11] explored a model for disease transmission by
considering the effect of preventive vaccine and established the optimal threshold for vaccine
coverage needed for disease eradication. However, the authors in [12] used optimal control to
test with a vaccine strategy a nonlinear SIR disease model. Using the SIR epidemic model [13 -
15], several mathematical modeling techniques were used to research the function of optimal
control. In [16], the authors proposed an outbreak model for SIR by considering vaccination as a
control factors in their model.

Authors in [17] developed a statistical model for the dynamics of Listeriosis transmission
in animal and human populations but did not use optimal control as a control measure to fight
the disease. With the introduction of the vaccine compartment they divided the animal
population into four compartment they divided the animal population into four compartment.
Authors in [18] developed a model and used a optimal control to investigate the effect of

chemotherapy on immigrant - infected malaria and [19] applied optimal control method relevant
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to the prevention of exogenous reinfection based on exogenous tuberculosis model. Author in
[20], performed work on on pathogen recognition and reservoirs to effectively monitor infectious
disease and epidemics. Listeria monocytogenes is one of the main zoonotic foodborne pathogen
that annually accounts for around twenty-eight percent of the majority food related death in the
United States and is a significant cause of severe product recalls worldwide. A possible source
and reservoir of Listeria monocytogenes has been found at the dairy farm. Models are commonly
used in the study of the infectious disease transmission dynamics. In recent time the use of
mathematical models has increased tremendously in the study of infectious disease. Then a
branch called mathematical epidemiology emerges. Frequent diagnostic studies, clinical data
availability and electronic monitoring have encouraged the development of mathematical models
for critical analysis of scientific theories and for the implementation of real-life disease
prevention strategies [21,22]. Authors in [23] developed a malaria and cholera co-infection
model. Analysis of susceptibility defines the most important parameters for the model, and the

analysis of infection force defines the effect of the contact rate on the transmission of disease.

2.1 Listeriosis Model Description and Formula

In this section [27], the model divides the total human and vector population at any time ‘t into
five components with respect to disease status in the system. The total population is represented
by 2. It is divided into components of Susceptible humans (Sy), Infectious vector (l,) and
Recovered vector(R,) which implies Np(t) = Sp(t) + Ii(t) + R(t). The susceptible humans are
recruited into the population at a rate ;. Individuals recover from the disease at a rate of 4.
Humans who are infected with listeriosis die at a rate ‘m” and the recovered humans may lose
immunity and return to the susceptible component at a rate . The natural death rate of the entire
human’s component is uy.The vector population is represented by Cp. But Cp is connected with
m=yC, /(C, + k).The concentration of carcasses and ingestion rate are denoted by K and y
respectively. Let p and u, are denote the listeriosis contribution to environment and bacteria

death rate respectively. The below figure 1 [27] is the flow chart of Listeriosis model.
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Figure 1: Flow Chart of Listeriosis Model

2.2 Analysis of Listeriosis Model

In this section [27], Listeriosis model is considered in the analysis of the transmission

dynamics.

d‘% =Qy + wR; — Sy, — upSy, 1)
%:nSh—(6+ Up +m) I )
% =6l — (0 + ) Ry )
dd% =pl — upGy “)

Where, Q,, =0.001, @ = 0.001, = 0.5, , = 0.2, § =0.002, m = 0.2, p = 0.65, p;, = 0.0025 .

) o .. dc
With the initial condition, (dd%,%, %, d—t”) = (2—"0 0,0 ) when t = 0,
h

The analytical solution is obtained by Homotopy Perturbation Method,
S, () = 0.003572e(%70 + 0.0014286 (5)
I,(t) = 0.001776 — 0.00599e(=07D + 0.0042172e (704020 (6)
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R, (t) =
0.0000177 — 0.0000419¢04028) 1 0.0000241e%7%) 4 0.0000027(~0-201) (7)
C,(t) = 0.46176 — 0.006866e (4028 +0.005592e ("1 — 0.4605¢(~0-00250) (8)

2.3 Numerical Simulation for Listeriosis Model

In this model, numerical solution is found by MATLAB programming, and it is compared with
analytical solution for various parameters in table 1.For this study, we used the parameters values in

table 1 were referred in [27].The following figures illustrate the simulation showing the comparison

of the analytical solution and numerical solution for various values the parameters.

Parameters Description Value
) Anthrax related death rate 0.2
B Human transmission rate 0.01
M Listeriosis related death rate 0.2
B Vector transmission rate 0.05
K Anthrax waning immunity 0.02
Uy Vector natural death rate 0.0004
Q, Vector recruitment rate 0.005
Qy Human recruitment rate 0.001
6 Listeriosis recovery rate 0.002
a Anthrax recovery rate 0.33
p Listeriosis contribution to environment 0.65
Up, Human natural death rate 0.2
Up Bacterial death rate 0.0025
) Listeriosis waning immunity 0.001
I Concentration of carcasses 0.5

Table 1: Variable and Parameter values of the coinfection model
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3.1 Anthrax Model Description and Formulation

In this section [27], the model divides the total human and vector population at any time‘t’
into five components with respect to disease status in the system. The total human population is
represented by 2,. It is divided into components of Susceptible humans (Sy), individuals
infectious vector (I,) and individuals recovered vector(R,) which implies Np(t) = Sp(t) + la(t) +
Ra(t), The total vector population represented by N,; this is divided into sub components that
consists of susceptible animals Sy, and animals infected with anthrax I, ; which implies N,(t) =
Sy(t) + Iy(t).The total vector population is represented by 2,.The human transmission rate Sy
/Anthrax waning immunity k, anthrax recovery rate a , anthrax related death rate @, By, u,, are
denoted the vector transmission rate and vector natural death rate respectively. The natural death
rate of the entire human’s component is y;, . The below figure 2 [27] is the flow chart of Anthrax
model.
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myS,
Figure 15Flow Chart of Anthrax Model

Analysis of Anthrax Model:

In this section, Anthrax model is considered in the analysis of the transmission dynamics.
dsy

— = + kRg —BpSpl, — s Sh (9)
dly _
— = BrSuly — (a+ pp +0) I, (10)
dRq _
dr ala - (k + .uh)Ra (11)
ds, _
dr Qv - .BvSvIa - :uvsv (12)
dly _
E - .BvSvIa - uvlv (13)

Where, Q,, =0.001, k = 0.02, 8, = 0.01, u, =0.2, a=0.33, @ = 0.2, Q, = 0.005, B, = 0.05,

U, = 0.0004, With the initial condition, (%,%1’ d;“ ,%,%) = (ﬁ—h 0,0 2—" 0),When t=0,
h v

http://annalsofrscb.ro 9796



Annals of R.S.C.B., ISSN:1583-6258, Vol. 25, Issue 4, 2021, Pages. 9787 - 9809

Received 05 March 2021; Accepted 01 April 2021.

The analytical solution is obtained by Homotopy Perturbation Method as follows:

S, (t)=0.005 — 4.8759e(-02 — 0.001647e(=0221) — 0,0005¢(~0:00048) 4

9.8749¢ (020040 — 0,00098e(~0-220*1) 4+ 0.000051 e (~0-00088) — 5(~0.20081) 4

0.0000148e (~0-7304)

1,(t)=0.02071e073) 4 0.000137e(~0-0004t) 1 0,00746¢(~0-2004t) _
0.000039¢(=0-2204t) _ ).0000137¢(0:0008t) _ (9 007558 (—0-2008¢) _
0.00000856e (0730t — 0,1969¢(~073040)

R, (t)=0.00399¢(0225) — 0.00066e (0731 + 0.000206e(70:0004t) _ 0,0025¢(~0-2004)

S,(£)=12.500 — 11.500069e(0-00045) + 0,000856e(~%-73t) — 0.0007877¢(~07304t)
I,(t)=1.803005¢ (00004t — 0,00087¢ (0731 + 0.00079¢(~0-73040)
0.0000856¢ (70-00040)¢ + 0,00047¢ (7020040 4 (0,1971¢(70:00088) _

0.0004e(~0-20080)

3.2 Numerical Simulation for Anthrax Model

(14)

(15)
(16)
(17)

(18)

In this model, it has been found that numerical solution by MAT programming, and it is

compared with analytical solution for various parameters in table 1.For this study, we used the

parameters values in table 1 were referred in [27].The following figures illustrate the simulation

showing the comparison of the analytical solution and numerical solution for various values the

parameters.
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-ase of various values of g, -hrax disease of various values of u,,

4. Results and Discussions:
An analysis of listeriosis model consisting of four dependent variable Sy ,1;,,Ri,,Cp is made. Each
of them has four, four, three and two parameters respectively. Depending upon the three different

values of the parameters of the dependent variable, numerical and analytical solution of them are
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obtained. A comparative study of the numerical solution and analytical solution so obtained

shows that both the solution agrees to each other.

Figure 2-5 is Susceptible humans, Figure 2 and 5 showing the simulation of decreasing effect of
infection on susceptible humans of Listeriosis disease for various values of u;, = 0.2,0.3,0.4 and
m = 0.5,0.6,1.2, Figure 3 showing the simulation of increasing effect of infection on

Susceptible humans of Listeriosis disease for various values of ;, = 0.001,0.002,0.003.

Figure 6-8, illustrates the decreasing effect of Individual infected I, as time increases from
various values of the population Np(t). Figure 9 shows the increasing effect of infection on
individuals infected in Listeriosis disease of various values of = = 0.5,0.7,0.9, and Figure 10
determines the increasing effect of infection on Recovered humans in Listeriosis disease of
various values of § = 0.002,0.003,0.004.

In Figure 11-12, x-axis and y-axis represent time 't' . The decreasing effect of infection on
recovered humans of Listeriosis disease for various values of u;, = 0.2,0.3,0.4 and w =
0.001,0.005,0.01. Population of Carcasses of animals illustrates the increasing effect of
simulation result by increasing the values of  p, = 0.0025,0.0027,0.0029 and p =
0.65,0.68,0.70

An analysis of Anthrax model consisting of five dependent variable Sy, 15 ,Ra, Sy, Iy IS made.
Each of them has four, four, three, three and two parameters respectively. Depending upon the
three different values of the parameters of the dependent variable, numerical and analytical
solution of them are obtained. A comparative study of the numerical solution and analytical
solution so obtained shows that both the solution agrees to each other.

In Figure 16-17, simulation showing the decreasing effect of infection on Susceptible humans of
Anthrax disease of various values of ,=0.01, 0.05, 0.07 and y;, = 0.2,0.3,0.4 and in Figure 18-
19, shows the increasing effect of infection on susceptible humans of Anthrax disease of various
values of kK =0.02, 0.05, 0.1 and ;, = 0.001,0.002,0.003.
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Figure 20, 22 and 23, illustrates the decreasing effect of infection on individuals of Anthrax
disease by increasing the values of parameters
a = 0.33,0.38 and 0.42, u; = 0.2,0.3,0.4 and @ = 0.2,0.5,0.7

Rais the Recovered humans from Anthax in figure 24, that illustrates the simulation of increasing
effect of infection on recovered humans of Anthrax disease of various values of « = 0.33,0.38,
0.42 and in Figure 25,26 shows the decreasing effect of infection on recovered humans of
Anthrax disease of various values of k = 0.02,0.05,0.1 and y;, = 0.2, 0.3, 0.4.

In figure 27, Vector transmission rate has no changes in simulation by changing the parameter
values of B, =0.05, 0.07, 0.09 and then in figure 28,29 the simulation decreased and increased in
the effect of infection on Susceptible animals of Anthax for various values of u,, =

0.0004, 0.001,0.0015 and Q,, = 0.005,0.01, 0.015.

Animals infected with Anthrax I, shows the simulation of increasing and decreasing effect in
Figure 30 and 31, infection on animals of Anthrax disease of various values of 4, =0.05, 0.07,
0.09 and u,, = 0.0004,0.001,0.0015.

5. Conclusion:

In this paper, the mathematical Modeling of Listeriosis and Anthrax diseases is analysed. The
mathematical modeling of Listeriosis and Anthrax is formulated into first order system of linear
differential Equations and first order nonlinear differential Equations, respectively. The
analytical solutions of both model is approached by the Homotopy Perturbation Method (HPM)
and also found simulation results are also found. Finally, the analytical solutions, simulation
results are compared and satisfactory agreement is noted.
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Appendix A: Basic concept of homotopy perturbation method (HPM)

To illustrate the basic ideas of this method, we consider the following nonlinear functional

equation:

AU)-f(r)=0, reQ (A1)

With the following boundary condition:

B[u,a—ujzo, rerl, (A2)
on
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where A is a general functional operator, B a boundary operator, f(r)is a known analytical
function and 7 is the boundary of the domain £2. The operator Acan be decomposed into two

operators L and N , where L is linear, and N is nonlinear operator.

Eqgn. (19) can be, therefore, written as follows:

LU)+NU)-f(r)=0. (A3)
Using the homotopy technique, we construct a homotopy U(r, p): 0x [O,l] — R,which
satisfies:
HU, p)=(-pLU)- LU, )]+ plAU)-f(r)]=0. pefoll rea, (A4
or
H(U,p)=LWU)-LU,)+ pLU, )+ pINU)- F(r)]=0, (A5)

where p e [01]is an embedding parameter, U, is an initial approximation for the solution of Eqn.

(SA2),which satisfies the boundary conditions. Obviously, from Egns. (A4) and (A5) we will

have:
HU0)=LU)-LU,)=0, (A6)
HUL)=AU)-f(r)=0. (A7)

The changing values of p from zero to unity are just that of U(r,p)from uo(r)to u(r).ln
topology, this is called homotopy. According to HPM, we can first use the embedding parameter
pas a small parameter and assume that the solution of Eqns. (A4) and (S5) as a power series in p:
V =U, + pU, + p°U, +... (A8)

Setting p = 1, results in the approximation to the solution of Eqn. (A8)

U=]imV =Y, +U,+U, +... (A9)

p—1
The combination of the perturbation method and the homotopy method is called the homotopy
perturbation method (HPM), which has eliminated limitations of the traditional perturbation

techniques. The series Egn. (A9) is convergent for more cases.

Appendix B: Analytical solution Listeriosis linear Eqns. (1)-(4) using homotopy
perturbation method (HPM).
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dd% = Qh + (URI - T[Sh - HhSh (Bl)
Si=nSy — (5 + py +m) ], (B2)
T= 8l = (0 + ) Ry (83)
dc

—-=ph— G, (B4)

Where, Q, =0.001, w =0.001, # = 0.5, u = 0.2, § =0.002, m = 0.2, p = 0.65, pu;, =0.0025.

. _ - d
With the initial condition, (—ddih ,%, %, —dct”) = (2—"0 0,0 ) when t = 0,
h

The initial conditions are

s, _
dt

The homotopy form the Egns. (B1)-(B4) can be constructed as follows:

di_ o 4R 4G _
0.005, 1=0, =L =0, =2 =0 (B5)

dt

(1 - p) (% - Qh + T[Sh + ,uhSh) +p (% - Qh - CUR[ + Tl.'Sh + ,uhSh) =0 (BG)
where p is the embedding parameter and pe[O,l], The approximate solution of (B6) is
S = SO + pSl + p282 T (B?)

Substituting Eqns. (B6) into (B7), gives the following result.

d
(1—m(aﬂ%+p&+p%é+m)—Qh+n6muﬁruﬂ&+~0+uu%+p&+p%z

o)

d
+p (2 S0+ PSi + 175, 4 =) = Q= @(Ro + DRy +Ry) + TSy + Sy + 7S, + )

+uﬂ%+p&+p%f%~ﬁ

=0 (B8)
S,(0) = 0.003572e(-%7 4+ 0.0014286 (B9)
I,(t) = 0.001776 — 0.00599e (%7 + 0.0042172e (04020 (B10)
R, () =
0.0000177 — 0.0000419e(~%402) 4+ 0.0000241e(~07%) +
0.0000027¢(~0-2019) (B11)

C,(t) = 0.46176 — 0.006866e 4020 +0.005592e (07 — 0.4605e(~0-00250)  (B12)
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Appendix C (i) . Matlab program for the numerical solution of Listeriosis Model

function matrix1

options= odeset ('RelTol',1e-6,'Stats','on’);
%initial conditions

Xo =1[0.005,0,0,0];

tspan = [0,120];

tic

[t,X] = ode45(@ TestFunction,tspan,Xo,options);
toc

figure

hold on

%plot(t, X(:,1),-")

%plot(t, X(:,2),-")

%plot(t, X(:,3),-")

plot(t, X(:,4),-")

legend('x1','x2','x3",'x4")

ylabel('x’)

xlabel('t")

return

function [dx_dt]= TestFunction(t,x)
a=0.001;b=0.001;c=0.5;d=0.2;e=0.002;f=0.2;9=0.65;p=0.0025;
dx_dt(1) = a+(b*x(3))-(c*x(1))-(d*x(1));
dx_dt(2) = (c*x(1))-((e+d+f)*x(2));
dx_dt(3) = (e*x(2))-((b+d)*x(3));
dx_dt(4) = (g*x(2))-(p*x(4));

dx_dt = dx_dt’;

return
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Appendix C (ii) . Matlab program for the numerical solution of Anthrax Model

function Anthrax

options= odeset ('RelTol',1e-6,'Stats','on’);
%initial conditions

Xo =[0.001,0.001,0.001,1,2];

tspan = [0,120];

tic

[t,X] = ode45(@ TestFunction,tspan,Xo,options);
toc

figure

hold on

%plot(t, X(:,1),-")

%plot(t, X(:,2),-")

%plot(t, X(:,3),-")

%plot(t, X(:,4),-")

plot(t, X(:,5),-"
legend('x1','x2','x3",'x4','x5")

ylabel('x")

xlabel('t")

return

function [dx_dt]= TestFunction(t,x)
a=0.001;b=0.02;¢c=0.01;d=0.2;e=0.05;f=0.33;9=0.2;h=0.005;p=0.0004;
dx_dt(1) = (a+(b*x(3))-(c*x(5)*x(1))-(d*x(1)));

dx_dt(2) = ((c*x(5)*x(1))-((f+d+g)*x(2)));

dx_dt(3) = ((F*x(2))-((b+d)*x(3)));

dx_dt(4) = (h-(e*x(2)*x(4))-(p*x(4)));

dx_dt(5) = ((e*x(2)*x(4))-(p*X(5)));

dx_dt =dx_dt’;

return
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